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We consider a D-dimensional cosmological model describing an evolution of (n+1)
Einstein factor spaces (n  2) in the theory with several dilatonic scalar elds
and generalized electro-magnetic forms, admitting an interpretation in terms of
intersecting p-branes. The equations of motion of the model are reduced to the
Euler-Lagrange equations for the so called pseudo-Euclidean Toda-like system.
We consider the case, when characteristic vectors of the model, related to p-branes
conguration and their couplings to the dilatonic elds, may be interpreted as the
root vectors of a Lie algebra of the type Am. The model is reduced to the open
Toda chain and integrated. The exact solution is presented in the Kasner-like form.
1 Introduction
Last years have witnessed a growth of interest to classical p-brane solutions of
(bosonic sector of) supergravities in various dimensions. 1−21 This interest is
inspired by a conjecture that D = 11 supergravity is a low-energy eective eld
theory of eleven-dimensional fundamental M -theory, which (together with so
called F -theory) is a candidate for unication of ve known D = 10 superstring
theories. 22−28 Classical p-brane solutions may be considered as a method for
investigation of interlinks between superstrings and M -theory.
In this paper we consider a generalized bosonic sector of early supergravity
theories 29 in the form of multidimensional gravitational model with several
dilatonic elds and Maxwell-like forms of various ranks. When D-dimensional
space-time manifold is a product of several Einstein factor spaces, the most con-
venient to use -model approach (see, for instance, 4; 30; 31) for constructing ex-
act solutions with p-branes. It was shown 18 that for cosmological space-times
the equations of motion to such -model are reduced to the Euler-Lagrange
equations for a pseudo-Euclidean Toda-like Lagrange system. The methods
for integrating of pseudo-Euclidean Toda-like systems were developed in the
papers (see, for instance, 32−34 and references therein) devoted to the multi-
dimensional cosmologies with milticomponent perfect fluid. Here we integrate
the intersecting p-branes model reducible to Toda chain associated with Lie
1
algebra of the type Am.
2 The general model
Following the papers 4; 5; 9−15; 18−21 we study a classical model in D dimen-

















where g = gMNdz
M ⊗ dzN is the metric on D-dimensional manifold M
(M;N = 1; : : : ; D), jgj = j det(gMN )j. We denoted by ’ = (’) 2 IR
l a vector
from dilatonic scalar elds, (h) is a non-degenerate l l matrix (l 2 IN) and
a is a 1-form on IR
l: a(’) = a’
, a 2 ,  = 1; : : : ; l.




M1 ^ : : : ^ dzMna (2)
is a na-form (na  1) on M. In Eq. (1) we denoted




M1N1 : : : gMnaNna ; (3)
a 2 , where  is some nite set.










e2a(’)(F a)2g = 0; (5)
rM1 [g](e
2a(’)F a;M1:::Mna ) = 0; (6)
a 2 ;  = 1; : : : ; l. In Eq. (5) a = h
a , where (h
) is a matrix inverse
to (h). In (4) we denoted



































In Eqs. (5), (6) 4[g] and 5[g] are Laplace-Beltrami and covariant derivative
operators corresponding to g.
We consider the manifold
M = IRM0  : : :Mn (10)
with the metric














mi; ni = 1; : : : ; di; di = dimMi, i = const, i = 0; : : : ; n; n 2N. So all (Mi; gi)
are Einstein spaces.










sign det(gimini) = 1 (14)
are correctly dened for all i = 0; : : : ; n.
Let
Ω0 = f;; f0g; f1g; : : : ; fng; f0; 1g; : : : ; f0; 1; : : : ; ngg (15)
be a set of all ordered subsets of I0  f0; : : : ; ng: For any I = fi1; : : : ; ikg 2 Ω0,
i1 < : : : < ik, we dene a volume form





di = di1 + : : :+ dik (17)
and a corresponding p-brane submanifold
MI Mi1  : : :Mik ; (18)
where p = d(I)− 1 (dimMI = d(I)).











F (a;e;I) = d(a;e;I) ^ (I); (20)





a 2 , I 2 Ωa;e, J 2 Ωa;m and
Ωa;e;Ωa;m  Ω0: (22)
(For empty Ωa;v = ;, v = e;m, we put
P
;
= 0 in Eq. (19)). In Eq. (21)  = [g]
is the Hodge operator on (M; g).
For the potentials in Eqs. (20), (21) we put
s = s(t); (23)
s 2 S, where
S = Se t Sm; Sv 
a
a2
fag  fvg  Ωa;v; (24)
v = e;m.
For dilatonic scalar elds we also put
’ = ’(t); (25)
 = 1; : : : ; l.
>From Eqs. (20) and (21) we obtain the relations between dimensions of
p-brane worldsheets and ranks of forms
d(I) = na − 1; I 2 Ωa;e; (26)
d(J) = D − na − 1; J 2 Ωa;m (27)
in electric and magnetic cases respectively.
We put the following restrictions on Ωa;v. Let
w1  fi j i 2 f1; : : : ; ng; di = 1g: (28)
The set w1 describes all 1-dimensional manifolds among Mi (i  0). We impose
the following restrictions on the sets Ωa;v (22):
Wij(Ωa;v) = ;; (29)
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a 2 ; v = e;m; i; j 2 w1, i < j and
W
(1)
j (Ωa;m;Ωa;e) = ;; (30)
a 2 ; j 2 w1. Here
Wij(Ω)  f(I; J)jI; J 2 Ω; I = fig t (I \ J); J = fjg t (I \ J)g; (31)
i; j 2 w1, i 6= j, Ω  Ω0 and
W
(1)
j (Ωa;m;Ωa;e)  f(I; J) 2 Ωa;m  Ωa;ej
I = fjg t Jg; (32)
j 2 w1. In (32)
I  I0 n I (33)
is a "dual" set. (The restrictions (29) and (30) are trivially satised when n1 
1 and n1 = 0, respectively, where n1 = jw1j is the number of 1-dimensional
manifolds among Mi).
It was shown 18 that after the following gauge xing















s = +1; vs = e; (36)
s = −1; vs = m: (37)
Then
_s = Qs exp[2γ0 − 2sas(’)]; (38)
where Qs are constants, s = (as; vs; Is) 2 S. Let
Qs 6= 0; s 2 S; (39)
Qs = 0; s 2 S n S;
where S  S is a non-empty subset of S.
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For xed Q = (Qs; s 2 S) the equations of motion (4),(5) are equivalent






A _xB − VQ (40)





A _xB + VQ = 0: (41)
We denoted



















Gij = diij − didj : (45)
A system with Lagrangian of the type (40) is called the pseudo-Euclidean
Toda-like system. 34 In the next section we consider a special case, when
pseudo-Euclidean Toda-like system is reducible to the Toda lattice associated
with a Lie algebra of the type Am.
3 Integration of the models reducible to a classical open Toda chain
Now we consider the general model under the following restrictions
1. The factor space M0 has non-zero Ricci tensor and all remaining factor
spaces M1; : : : ;Mn are Ricci flat, i.e.
0 6= 0; 1 = : : : = n = 0:
2. All nonvanishing (with Qs 6= 0) p-branes do not "live" in the factor space
M0, i.e.
0 =2 Is; 8s 2 S:
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We introduce (n + l + 1)-dimensional real vector space Rn+l+1 with a
canonical basis feAg; A = 0; : : : ; n+ l, where e0 = (1; 0; : : : ; 0) etc. Hereafter
we use the following vectors










i = 0; : : : ; n;  = 1; : : : ; l: We remind that exp[xi(t)] is the scale factor
of the space Mi, ’
(t) is the -th dilatonic scalar eld.











; 0; : : : ; 0

; (47)
i = 0; : : : ; n:
3. The vector Us induced by the p-brane corresponding to
















i = 0; : : : ; n;  = 1; : : : ; l:
Let (:; :) be a symmetrical bilinear form dened in Rn+l+1 by the following
manner
(eA; eB) = GAB: (49)




− 1; (U0; Us) = 0; 8s 2 S; (50)








Using the notation (:; :) and the vectors (46)-(48), we may present the





( _x; _x)− VQ; EQ =
1
2

















Let the vectors Us 2 Rn+l+1 satisfy the following conditions
(Us; Us) = U








2 −1 0 : : : 0 0
−1 2 −1 : : : 0 0
0 −1 2 : : : 0 0
: : : : : : : : : : : : : : : : : : : :
0 0 0 : : : 2 −1
0 0 0 : : : −1 2
1CCCCCCA : (56)
where (Css0) is the Cartan matrix for the Lie algebraAjSj = sl(jSj+1; C). We
mention that the number of the vectors U0; Us should not exceed the dimension
of Rn+l+1, i.e.
n+ l − jSj  n
0  0: (57)








; s 2 S; (58)
(f0; fp) = (fs; fp) = 0; (fp; fp0) = 0; p 6= p
0; (59)
p; p0 = jSj+1; : : : ; jSj+n0: It should be noted that if n0 = 0, then the vectors
fp do not appear.
Using the decomposition








with respect to this basis, we present the Lagrangian and the zero-energy
constraint (52) in the form






− V0; E0 =
( _q0)2
2(U0; U0)





































Integration of equations of motion for q0 is straightforward and leads to the
following result
e−q
0(t) = F (t− t0); (66)
where t0 is an arbitrary constant and the function F0 has the form
F0(t) =
q
−2(U0; U0)a(0)jtj; if a





2(U0; U0)E0t]; if a





2(U0; U0)E0jtj]; if a





−2(U0; U0)E0jtj]; if a
(0) > 0; E0 > 0: (70)
For qp we get
e−q
p(t) = eA










where Ap and Bp are arbitrary constants.
Using the following translation
qs 7! qs − lnCs; (73)
where the constants Cs satisfyX
s02S
Css0 lnC
s0 = ln[2U2a(s)]; s 2 S; (74)
9




































We notice that LT represents the Lagrangian of a Toda chain associated with
the Lie algebra AjSj == sl(jSj+1; C), when the root vectors are put into the
Chevalley basis and the coordinate describing the motion of the mass center is
separated out. Using the result of Anderson 35 we present the solution of the






vr1    vrm(s)
2(r1; : : : ; rm(s))e
(wr1+:::+wrm(s) )t; (78)
where we denoted by m(s) the number of element s 2 S. The m(s) is assigned
to s in accordance with Eq. (56). 2(r1; : : : ; rm(s)) denotes the square of the
Vandermonde determinant











−2(1; : : : ; jSj+ 1);
jSj+1X
r=1
wr = 0 : (80)








Takinq into account the transformation (73), we get
e−q
s(t)  ~Fs(t) =
Fs(t)
Cs







Finally, we obtain the following decomposition of the vector x(t)






















































AaB = 2Ef ; (88)
s 2 S. We note that, if n0 = n+ l − jSj = 0, we must put a = b = 0.
Using Eq. (84) with Eq. (85), the denitions (46)-(48), we obtain the scale
factors exp[xi(t)] and the dilatonic elds ’(t)
ex








































;  = 1; : : : ; l: (91)
11






We remind that within this model t is the time in the harmonic gauge.
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